Abstract. Let F be a totally real field, p an unramified place of F dividing p and r : Gal(F /F ) → GL 2 (Fp) a continuous irreducible modular representation. The work of Buzzard, Diamond and Jarvis [9] associates to r an admissible smooth representation of GL 2 (Fp) on the mod p cohomology of Shimura curves attached to indefinite division algebras which split at p. When r| Gal(Fp/Fp) is tamely ramified and generic (and under some additional technical assumptions), we determine the subspace of invariants of this representation under the principal congruence subgroup of level p. In particular, the subspace depends only on r| Gal(Fp/Fp) and satisfies a multiplicity one property.
Introduction
Let p be a prime number. Barthel-Livné [2] and Breuil [4] gave a complete classification of irreducible smooth representations of GL 2 (Q p ) over F p with a central character, which allowed Breuil to define a semi-simple mod p local Langlands correspondence for GL 2 (Q p ) [4] . The situation is much more complicated if one wants to establish a similar mod p correspondence for GL 2 (L) where L = Q p is a finite extension of Q p . There is no such complete classification, and the study of irreducible admissible smooth F p -representations of GL 2 (L) becomes very subtle ( [8] , [18] , [21] ).
Motivated by the local-global compatibility result of Emerton [12] for the cohomology of modular curves, it seems to be very promising to seek for the hypothetical correspondence for GL 2 (L) in the cohomology of Shimura curves.
More precisely, let F be a totally real field, F v be the completion of F at a fixed place v of F above p with ring of integers O Fv and residue field k Fv . We consider the mod p étale cohomology of a tower of Shimura curves (X U ) U over F associated to an indefinite quaternion algebra D with center F which splits at all places over p and at exactly one infinite place. Let S D (F p ) denote the space
It is expected that one can get information on the hypothetical mod p local Langlands correspondence by studying the action of GL 2 (F v ) on S D (F p ). For instance, assuming F v /Q p unramified, the GL 2 (O Fv )-socles of the irreducible GL 2 (F v ) subrepresentations of S D (F p ) are described by the Buzzard-Diamond-Jarvis conjecture ( [9] , proved in [15] ). Motivated by this, for a generic Galois representation ρ : Gal(F v /F v ) → GL 2 (F p ), Breuil and Paškūnas [8] construct by local method an infinite family of smooth admissible F p -representations of GL 2 (F v ) whose GL 2 (O Fv )-socles are as predicted by [9] . Furthermore, they conjecture that if r is a globlisation of ρ to a modular Galois representation of Gal(F /F ), then the r-isotypic part of S D (F p ) contains one of these representations. This conjecture is recently proved by Emerton, Gee and Savitt in [13] under mild Taylor-Wiles type hypothesis.
In this paper, we give further constraint on these GL 2 (F v )-representations in the case where ρ is a tamely ramified (that is either split or irreducible) and generic representation. To state our main theorem, we introduce some notations. Let r : Gal(F /F ) → GL 2 (F p ) be a globlisation of ρ, which is continuous irreducible and totally odd. We assume that r is modular in the sense that We can use the action of Hecke operators away from v on π D (r) to define a local factor π D v (r) at v, which is an admissible smooth representation of GL 2 (F v ), and is supposed to be the right candidate in the mod p local Langlands correspondence, and many important properties about it have been established, see e.g. [14] , [6] , [13] . Our main result is the following theorem. Theorem 1.1. Assume that F v is unramified over Q p and ρ is tamely ramified and generic. Under certain assumptions (see Cor. 3.9), we have π We assume p ≥ 3 throughout the paper; this is harmless for our application. We fix a finite extension E of Q p with ring of integers O E , uniformiser ̟ E and residue field F, which is allowed to be enlarged. They will serve as coefficient fields (or rings) for our representations.
Local input
In this section, L denotes a finite extension of Q p , with ring of integers O L , maximal ideal p L , and residue field (identified with) F q = F p f . Fix a uniformiser ̟ L of L; we take ̟ L = p when L is unramified over Q p . For λ ∈ F q , [λ] ∈ O L denotes its Teichmüller lift. Let Γ = GL 2 (F q ). We call a weight an irreducible representation of Γ over F p . We take E large enough so that any weight is defined over F, then a weight is (up to isomorphism) of the form ([2, Prop. 1]) Definition 2.1. We say that (r 0 , · · · , r f −1 ) ⊗ det a is regular if no r i is equal to p − 1.
Let Rep Γ be the category of finite dimensional F-representations of Γ. If M ∈ Rep Γ , we write {Fil i M, i ≥ 0} for its socle filtration, that is, 
, it is self-dual up to a twist and admits V r ⊗ det p−1−r as a sub-representation and also as a quotient. Moreover, letting W r ⊂ R r be given by the exact sequence
we get a filtration on R r : 0 V r ⊗ det
, and V r ⊗ det p−1−r . Remark that when f ≥ 2 or f = 1 and r = 0, this coincides with the socle filtration of R σ . Now fix a weight σ = (r 0 , · · · , r f −1 )⊗ det
if not all r i equal to 0, then R σ is an injective envelope of σ, see [20, Cor. 4.2.22] 
From now on (until the end of subsection 2.2), we assume that dim σ ≥ 2 and that σ is regular in the sense of Definition 2.1.
(ii) We have
The same statement holds if we replace
Proof. The (i) is standard, see for example [3, Chap. I, §2, n • 6, Prop. 7]. For (ii), we proceed by an obvious induction using (i).
We find it convenient to give a name for the intersection in Lemma 2.2(ii). Definition 2.3. Denote by A σ the following sub-representation of R σ :
Proposition 2.4. A σ is multiplicity free, and is the largest sub-representation of R σ which is multiplicity free.
Proof. In the notation of [8, §3] , A σ is exactly the representation V 2p−2−r defined in [8, Def. 3.3] . The assertion then follows from [8, Prop. 3.6, Cor. 3.11] .
To study the structure of A σ , we need to introduce another sub-representation of R σ .
The representation
Definition 2.5. We define A ′ σ to be the sub-representation of R σ : Fr j are self-dual up to a twist, so is A ′ σ,i . We deduce that the cosocle of A ′ σ,i is also irreducible. It follows from (2.1) that A ′ σ,i admits σ as a quotient, hence the cosocle has to be σ. Definition 2.8. For each 0 ≤ i ≤ f − 1, we define two weights as follows:
where a
By convention, when µ
is not a genuine weight, i.e. when f = 1 and r 0 = p − 2, or f ≥ 2 and r i+1 = 0, we say that µ
is semi-simple, and is isomorphic to µ 
Proof. For each 0 ≤ i ≤ f − 1, tensoring the exact sequence (2.1) with ⊗ j =i R Fr j rj gives an exact sequence
To show the equality, we use the embedding
image in fact lies in the socle of R σ /A σ by Corollary 2.10. Since A σ is multiplicity free, σ appears in A ′ σ ∩ A σ exactly once. Lemma 2.6 implies that the multiplicity of σ in soc Γ (R σ /A σ ) is at least f , which completes the proof.
It is easy to see from the above proof that
Lemma 2.12. The quotient B σ /A ′ σ has no sub-quotient isomorphic to σ. Proof. We have an exact sequence 0 → A σ → B σ → σ ⊕f → 0 by Proposition 2.11. Moreover, A σ is multiplicity free, with σ appearing there exactly once. So the multiplicity of σ in (the semisimplification of) B σ is f + 1, which is also the multiplicity of σ in A ′ σ by Lemma 2.6.
Proof. Consider the commutative diagram of exact sequences (with α the induced morphism)
Since α is injective, it suffices to show α = 0. The assumption implies
The first map being surjective, α = 0 if and only if α ′ = 0. However, the natural isomorphism
Now we treat the general case. 
We know that α ′ = 0 and we want to prove α = 0. Assume α = 0. Then Im(α) would have a non-zero intersection with
Next we give a criterion for the condition in Proposition 2.14 to hold. In particular, if M is a sub-representation of R σ , then gr 1 M embeds into
Definition 2.15. Let σ be a regular weight and M be a sub-representation of R σ . We say that M is alternative, if for each 0 
For our purpose, it is more convenient to view X i as an element of Ext
and by Lemma 2.7 we have Hom Γ (X i , µ
whose push-out gives an extension class in Ext
Without loss of generality, we assume that c 0 = 0. Since Hom Γ (X 0 , µ ± 0 (σ)) = 0 by Lemma 2.7, and
By construction we have a commutative diagram of exact sequences
). This contradicts (2.4) and allows to conclude.
Proof. We first recall the construction of the Baer sum. Let X ′′ be the pullback
′′ contains three copies of B: 0 × B, B × 0, and the skew diagonal, taking quotient by which we get respectively X, X ′ and Y := X + X ′ . Denote by s : B → X ′′ the skew diagonal morphism.
On the one hand, we have a commutative diagram of exact sequences
which induces (using (ii))
In particular,s is surjective. On the other hand, using (i) and the exact sequence
hences is in fact an isomorphism. The lemma follows by applying
Remark 2.18. Although we have only defined R σ , A σ , etc and proved the results for regular weights σ of the form
, all these can obviously be generalized to general regular weights of dimension at least 2 by a twist.
2.
3. An auxiliary lemma. Let σ be a regular weight (possibly of dimension 1). By [8, Lem. 3.2] , the irreducible constituents of inj Γ σ (without multiplicities) are parametrised by a certain set I(x 0 , · · · , x f −1 ) defined in the beginning of [8, §3] . For later use, we recall its definition.
. Each λ gives rise to a weight by "evaluating" at σ = (r 0 , · · · , r f −1 ) ⊗ η, but note that it is not a genuine one if λ i (r i ) < 0 or λ i (r i ) > p − 1 for some i (so we will ignore it in this case). In any case, an irreducible constituent of A σ corresponds to a unique element of
We also write S(τ ) := S(λ) if τ is the corresponding weight. Recall from [8, Def. 4.10] that, if λ, λ ′ ∈ I(x 0 , · · · , x f −1 ), we say λ and λ ′ are compatible if, whenever λ i (x i ) ∈ {p−2−x i −±1, x i ±1} and λ ′ i (x i ) ∈ {p − 2 − x i − ±1, x i ± 1} for the same i, then the signs of the ±1 are the same in λ i (x i ) and λ ′ i (x i ). The following property is directly checked.
Let τ be an irreducible constituent of inj Γ σ. Then there exist finite dimensional representations of Γ with socle σ and cosocle τ by taking the image of any non-zero morphism φ ∈ Hom Γ (inj Γ τ, inj Γ σ). Since σ is regular, [8, Cor. 3.12] implies that among these representations there exists a unique one, denoted by I(σ, τ ), such that σ appears with multiplicity 1. Moreover, I(σ, τ ) is multiplicity free. By [8, Cor. 4.11] and Lemma 2.19, the irreducible constituents of I(σ, τ ) are parametrised by subsets of S(τ ), hence I(σ, τ ) has at most 2 |S(τ )| irreducible constituents (as we possibly need to forget some fake weights). (i) the weight τ is regular;
(ii) there exists a unique weight τ c of I(σ, σ c ) such that S(τ c ) = S(σ c )\S(τ ); (iii) the representation I(τ, τ c ) exists, and has the same semi-simplification as I(σ, σ c ).
Proof. Since the results in the case f = 1 are obvious, we assume f ≥ 2 in the rest of the proof.
(i) Assume τ is not regular. Let µ ∈ I(x 0 , · · · , x f −1 ) be the element corresponding to τ . Then, µ i (r i ) = p − 1 for some i ∈ S. Since 0 ≤ r i ≤ p − 2, this happens only when r i = 0 and
which is compatible with µ and such that
; but the condition i ∈ S(µ ′ ) and the compatibility with µ imply that µ
′ does not correspond to a genuine weight, giving a contradiction to the assumption.
(ii) The assumption together with Lemma 2.19 implies that each subset of S(σ c ) corresponds to a genuine weight, whence the assertion.
(iii) We may assume σ = σ c , i.e. S(σ c ) = ∅, therefore τ and τ c are non-isomorphic. Let µ, µ c ∈ I(x 0 , · · · , x f −1 ) be the elements corresponding to τ, τ c . We can write µ c = ν • µ for some (unique) ν := (ν i (x i )) i with ν i (x i ) ∈ Z ± x i . We claim that ν ∈ I(x 0 , · · · , x f −1 ). First, we check that
Next, we verify that the relations (ii), (iii) in the definition of I(x 0 , · · · , x f −1 ) are satisfied. This is a direct but tedious check and we only give details for some special cases. For example, in the case when i ∈ S(µ) (hence i / ∈ S(µ c )), we have µ 
In fact, the above check still works if i / ∈ S(µ) ∩ S(µ ′ ), and if i ∈ S(µ) ∩ S(µ ′ ), the compatibility with λ c implies that
are verified in the same way as above. This proves the claim. Moreover, we obtain that S(ν
, which is in particular contained in S(ν) = S(λ c ). To finish the proof, we check that τ ′ is an irreducible constituent of I(τ, τ c ). This amounts to check the compatibility between ν ′ and ν by [8, Cor. 4.11] , which is an easy exercise.
2.4.
Tame types and their lattices. We call tame types the irreducible E-representations of GL 2 (O L ) that arise by inflation from an irreducible E-representation of GL 2 (F q ). These representations are either principal series, cuspidal, one-dimensional, or twist of the Steinberg representations.
In this paper, we only consider the principal series types and the cuspidal types, and all tame types occurring in the following will be assumed to be of this kind. We choose a GL 2 (O L )-invariant lattice V • of a tame type V and consider its reduction
• whose semi-simplification, denoted by V , does not depend on the choice of the lattice. We write JH(V ) for the set of Jordan-Hölder factors of V . We recall the following well-known results on tame types. Proposition 2.21. Let V be a tame type. Then (i) V is residually multiplicity free, i.e., each element of JH(V ) appears exactly once in V .
(ii) For any Jordan-Hölder factor σ of V , there is up to homothety a unique
• ) in V such that the cosocle (resp. socle) of its reduction is σ.
, then τ appears in the 1-st layer of the cosocle filtration (resp. socle filtration) of • , whose mod ̟ E reduction has socle σ. We can embed (V σ ) • into inj Γ σ, hence τ appear in inj Γ (σ) and the representation I(σ, τ ) exists; see the discussion after Lemma 2.19. Since τ appears in (V σ ) • exactly once, the representation I(σ, τ ) is in fact contained in (V σ ) • . We can write down I(σ, τ ) explicitly: by the uniqueness, I(σ, τ ) is the unique non-split extension (class) of τ by σ, hence of length 2. This implies that τ appears in gr 1 (V σ ) • , otherwise I(σ, τ ) would have length ≥ 3.
The proof of Proposition 2.21(iii) has the following consequence.
Corollary 2.22. Let V be a tame type. For any σ, τ ∈ JH(V ), the representation I(σ, τ ) exists and is a sub-representation of (V σ ) • .
Serre weights.
In this subsection, we prove a general fact about the set of Serre weights attached to a residual generic representation ρ.
From now on, we assume that L is unramified over
be a continuous representation. Assume that ρ is generic in the sense of [8, §11] , that is, ρ| I(Q p /L) is isomorphic to one of the following two forms
and not all r i equal to 0 or equal
where ω f is the fundamental character of I(Q p /L) of level f as in [8, §11] . Note that there are no generic representations if p = 2, and no reducible generic representations if p ≤ 3.
To ρ is associated a set of weights, called Serre weights and denoted by D(ρ) (see [8, §11] or [9] ). Recall that ρ is tamely ramified (or tame for short) if and only if it is either reducible split or irreducible. The genericity of ρ implies that the cardinality of D(ρ) is 2 f if ρ is tame, and is 
would be strictly larger than D 0 (ρ) and verifies the conditions (a), (b) above, contradicting the maximality of D 0 (ρ).
To show the surjectivity, we need to show that any non-split extension M arises from the pushout of some extension in Ext
, M can be embedded into R σ , the injective envelope of σ in Rep Γ (noting that the genericity of ρ implies dim F σ ≥ 2 for any σ ∈ D(ρ)). Moreover, because τ is an element of D(ρ) and distinct from σ, it does not appear in D 0,σ (ρ) so that M is multiplicity free. This shows, using notations in §2.2, that M is a sub-representation of A σ . Consequently, the representation I(σ, τ ) is a subrepresentation of A σ . Since all the irreducible constituents of I(σ, τ ) are Serre weights of ρ by Proposition 2.24, while by construction only σ and τ are, we obtain that I(σ, τ ) is of length 2, i.e., we have 0 → σ → I(σ, τ ) → τ → 0.
From now on, we assume that ρ is tame. (notations as in loc.cit.) . Otherwise, we have either f = 1 and λ 0 (r 0 ) = p− 2 (hence ρ is irreducible by the genericity of ρ), or f ≥ 2 and λ i+1 (r i+1 ) = 0. In the first case, it is direct to check that D 0,σ (ρ) does not contain µ + 0 (σ), see [8, §16] . We assume f ≥ 2 and λ i+1 (r i+1 ) = 0 for the rest. We need show that gr 1 D 0,σ (ρ) does not contain µ + i (σ), i.e., the element µ
, is not compatible with µ λ . This also follows from [8, Thm. 14.8] by a careful analysis. Indeed, by the genericity of ρ, λ i+1 (r i+1 ) = 0 if and only if one of the following holds:
(a) ρ is reducible and, either r i+1 = 0 and
Then we can view M as a sub-representation of R σ . By (i), D 0,σ (ρ) is alternative. Since σ is not isomorphic to µ 
Proof. Suppose that W is strictly larger than D 0 (ρ) and let τ be a weight appearing in the socle of W/D 0 (ρ). Since W and D 0 (ρ) have the same socle (both isomorphic to ⊕ σ∈D(ρ) σ), we get a non-split Γ-extension, denoted by M ,
Lemmas 2.25 and 2.26 show that τ ∈ D(ρ) and this extension is the pushout of a non-split extension M ′ of τ by ⊕ σ∈S σ, for some subset S ⊂ D(ρ) uniquely determined by requiring that the cosocle of M ′ is τ . By [8, Cor. 5.6(i)], if σ ∈ D(ρ) is such that Ext 1 Γ (τ, σ) = 0, then it is automatically of dimension 1 over F. Therefore, we may apply Proposition 2.28 and deduce that the latter extension is a quotient of V
is of dimension 1, and must be spanned by the composite map
The contradiction allows to conclude.
Global input
We prove Theorem 1.1 in this section. Let F be a totally real extension of Q in which p is unramified, and O F be its ring of integers. For any place v of F, let F v denote the completion of F at v with ring of integers O Fv , uniformiser ̟ v and residue field k v . The cardinality of k v is denoted by q v . We let A F,f denote the ring of finite adèles of F. If S is a finite set of places of F, we let A S F,f denote the finite adèles outside S. We write G F := Gal(F /F ) for the global absolute Galois group of F, and G Fv := Gal(F v /F v ) for the local Galois group at v. We fix an embedding F ֒→ F v so that G Fv identifies with the decomposition group of v over F. We let Frob v ∈ G Fv denote a (lift of the) geometric Frobenius element, and let Art Fv denote the local Artin reciprocity map, normalised so that it sends ̟ v to Frob v . The global Artin map is denoted by Art F .
If v is a place of F over some prime l. An inertial type for F v is a two-dimensional E-representation τ v of the inertia group I Fv := I(F v /F v ) with open kernel, which may be extended to G Fv . We mainly consider l = p case. Then the tame types considered in §2.4 correspond to the non-scalar tame inertial types under Henniart's inertial local Langlands correspondence [17] .
Let D be a quaternion algebra with center F. Let Σ be the set of finite places where D is ramified. We assume that Σ does not contain any place dividing p. We consider the case that D is ramified at all infinite places (the definite case), or split at exactly one infinite place (the indefinite case). We exclude the case F = Q and D = GL 2 .
3.1. Space of modular forms: the definite case. Assume D is definite. For A = O E or F, a locally constant character ψ :
which carries a smooth admissible A-linear action of
Let S be a finite set of finite places of F which contains Σ, the places lying over p, the places at which U w is not maximal, and the places at which ψ is ramified. We consider the Hecke algebra
where
w ]. Here, T w is the Hecke operator corresponding to the double coset
and S w is the one corresponding to
The abstract Hecke algebra
via Hecke correspondence, and we let
be a two dimensional continuous totally odd and absolutely irreducible Galois representation. For w a finite place of F, let ρ w := r| GF w denote the restriction of r to G Fw . We choose an S as above which further contains all the ramified places of r. We associate to r a maximal ideal m We recall the following conjecture of [9] . Remark 3.3. The weight part of this conjecture is proved in many cases by Gee [14] and then is completely proved in [15] (forr satisfying the usual Taylor-Wiles hypothesis). In [13] , the authors proved that if ρ w is generic, then the
Let σ U be a finitely generated continuous representation of some open compact subgroup U of
, and write T(σ U ) for the image of the abstract Hecke algebra in End OE (S D (σ U )). We make the usual Taylor-Wiles assumptions on r : G F → GL 2 (F).
Assumption I. We assume that p is odd; r is modular and r| G F (ζp ) is absolutely irreducible, where ζ p is a primitive p-th root of unity; if p = 5, assume further that the projective image of r| G F (ζp ) is not isomorphic to A 5 .
Let S be a subset of finite places of F containing Σ, the places above p and the places where r or ψ is ramified. We can choose a finite place w 1 / ∈ S with the properties that
• the ratio of the eigenvalues of r(Frob w1 ) is not equal to q ±1 w1
• the residue characteristic of w 1 is sufficiently large that for any non-trivial root of unity ζ in a quadratic extension of F, w 1 does not divide
× for which U w is maximal if w / ∈ S ∪ {w 1 }, and U w1 is the subgroup of GL 2 (O Fw 1 ) consisting of elements that are uppertriangular and unipotent modulo w 1 . Under these assumptions, U is sufficiently small. For σ U as above and each w in S, fix a character ψ σU ,w :
. By Hensel's lemma, there is a unique character θ w :
with the properties that θ w = 1 and θ Let σ U (θ) * denote the Pontryagin dual of σ U (θ). The space S D (σ U ) can be identified with the space of continuous functions
By the weight part of Conjecture 3.2, for every modular r : G F → GL 2 (F), we can choose U = w U w with U w = GL 2 (O Fw ) for all w|p, and σ U := ⊗ w|p σ w with σ w a Serre weight of ρ w , such that 
there is a Shimura curve X U over F, a smooth projective algebraic curve whose complex points are naturally identified with
and
where the limit is taken over all the open compact subgroups of (D ⊗ F A F,f ) × . As in the definite case, we take S a finite set of finite places of F which contains Σ, the places lying over p, the places at which U w is not maximal, and we can form the abstract Hecke algebra = 0 for some S, we say that r is modular. We recall the following conjecture of [9] . 
Remark 3.5. The weight part of this conjecture is also proved in [15] (under the usual Taylor-Wiles hypothesis), and the multiplicity one is proved in [13] .
If σ U is a finitely generated continuous representation of some open compact subgroup U of
and write T(σ U ) for the image of the abstract Hecke algebra in End OE (S D (σ U )). For the open compact subgroups U under similar conditions as in the definite case, there is a local system F σU (θ) * on X U corresponding to σ U (θ) * in the usual way, and S D (σ U ) can be identified with H 1 ét (X U,F , F σU (θ) * ). For modular r, we can find S, U, σ U such that
where r m : G F → GL 2 (T(σ U ) m S r ) is the two dimensional continuous Galois representation associated to r by Carayol [10] . 3.3. Minimal level case. We recall the minimal level case as in [6] and more generally in [13] . Fix a place v|p. Following [13, §6.5], we assume Assumption I and make the following additional assumption:
Assumption II. We assume that p ≥ 5, ρ w is generic for all places w|p, and if w ∈ Σ, ρ w is not scalar.
In fact, the case where ρ w is reducible non-scalar for all w|p, w = v is considered in [6, §3.3] . This is generalized to the case where ρ w is irreducible in [13, §6.5] . The assumption that ρ w is generic excludes the scalar case. We follow the notations in [13, §6.5] . Let ψ be the Teichmüller lift ofε detr, and let S be the union of Σ, the places over p, and the places wherer is ramified. For each place w ∈ S, w = v, one can define a compact open subgroup U w of (O D ) × w and a finite free O E -module L w with continuous action of U w . We write L := ⊗ w∈S,w =v,OE L w which is a finitely generated continuous representation of U v := w∈S,w =v U w × w / ∈S GL 2 (O Fw ). Let S ′ be the union of the set of places w|p, w = v for which ρ w is reducible, the set of places w ∈ Σ for which ρ w is reducible, and the place w 1 . For places w in S ′ , one can define the Hecke operator T w and choose scalars β w ∈ F × as in loc.cit. . The usual Taylor-WilesKisin patching argument [13, §6.4] , [16] applied to the space M min r (V (τ v )
• ) defined above in both definite and indefinite cases gives us the following data:
• positive integers g, q,
• R For any tame type V, it is observed in [13, Lem. 3.1.1] that V can be defined over an unramified extension of Q p . By going through all the above constructions, we can and we do assume that E is an unramified extension of Q p in the following. We recall Theorem 10.1.1 of [13] .
Theorem 3.8. Assume Assumptions I and II, and let τ v be a non-scalar tame inertial type for I Fv . For any σ ∈ JH(V (τ v )), we have the (homothety class of ) lattice (V (τ v ) σ )
• such that the cosocle of its reduction is σ (see Prop. 2.21 (ii)). Then the coherent sheaf M Finally, Corollary 2.29 allows to conclude.
